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We consider the question: Does for every dense subspace Y of product M’ of 7 copies of a 
separable metric space M normality imply collectionwise normality? We show that it is true if 
7 = K, but it is impossible to prove it in ZFC for an arbitrary 7. 
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From the work of Corson [2] one can deduce the following fact: If Y is a dense 
subspace of product M’ of T copies of a separable metric space M and Y x Y is 
normal, then Y is collectionwise normal. If Y is collectionwise normal, then every 
discrete closed subset F of Y must be countable, otherwise points of F cannot be 
separated by disjoint open sets because Y has the Souslin property, and further if 
a topological space Y is normal and every discrete closed subset of Y is countable, 
then clearly Y is collectionwise normal. 
Under the assumption c ~2~1 every dense subspace Y of MC which is normal 
itself will be collectionwise normal [4, Corollary 2.31. One can prove the same way 
that if c < 2’, then no normal dense subspace of M’ can contain a discrete closed 
subset of cardinality 7. 
Our first theorem continues this series of statements. 
Theorem 1. Let Y be a dense subspace of the product MN1 of K, copies of a separable 
metric space M. Then Y is normal if Y is collectionwise normal. 
Our second theorem gives a negative (though under additional assumption) answer 
to the question of Arhangel’skii: Is it true that every normal dense subspace of a 
product of separable metric spaces must be collectionwise normal? 
Theorem 2. Let M be a separable metric space consisting of more than one point, and 
r a cardinal. The following statements are equivalent: 
(a) c<2’. 
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(b) No normal dense subspace of M’ contains a discrete closed subset of 
cardinality 7. 
(c) No hereditarily normal dense subspace of M’ contains a discrete subset of 
cardinality 7. 
Definition 3. Sets A and B in a topological space Y are said to be separated if 
AnB=BnA=@. 
The following lemma is due to Uspenskii [l, Lemma 8.11. 
Lemma 4. Let M be a separable metric space, Y be a dense subspace of MX (X is a 
set of coordinates). Then Y is normal (hereditarily normal) ifffor every pair of closed 
disjoint (respectively separated) subsets A and B of Y there is a countable subset S c X 
such that sets rrsA and zsB are separated. 
Here by 7~~ we denote projection from MX onto MS. 
Proof of Theorem 1. It is to show if Y a normal dense subspace 
of MN!, an uncountable discrete closed 
is such a subset in Y. Let be a set of K,. shall choose 
two disjoint subsets A and of F such for every countable subset SC X sets 
T,A and are not separated, hence to Lemma 4, is not normal. 
Denote by f(x) E M the xth coordinate E E X). Let .& be a countable 
for the topology of M, 0, , . . . , 0, E A, x,, . . . , x, E X. Then all the sets of the 
type W(x, , . . . , x,, ; 0 ,,..., o,,)={f~M~: f(Xi)EOi, i=l,..., n} formabaseX 
for the topology of the product MX. 
Clearly (XI = (XI = Define X* = {U E X: U n F is uncountable}. Then IX”1 G 
K, and we can choose an uncountable subset A of F such that for every U E .hr*, 
UnAf0 and Un(F\A)f0. Let B= F\A. 
It remains to show that for every countable subset S c X sets rrsA and rTs B are 
not separated. Let S be an arbitrary countable subset of X. There is a point a E A 
such that every its neighbourhood of the type W(s, , . . . , s, ; 0,) . . . , 0,), Si E S, 
contains uncountably many points of A. (If rsA is uncountable, it follows from 
the hereditarily Lindelof property of MS, if TEA is countable, then there is a point 
a E A such that uncountably many points of A have the same projection ~~(a).) 
Hence, W(s,, . . . , s, ; 0, , _ . . , 0,) belongs to X” and consequently W(s,, . . . , s, ; 
Ol,..., O,)nB#Z. 
So every basic neighbourhood of the point rrs(a) E TEA contains some point of 
TT~B, i.e., rs(a) E rsB n TT~A and the sets rsA and rsB are not separated. This 
completes the proof. 0 
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Proof of Theorem 2. The implication (a)+(b) is true as we have mentioned above. 
Clearly (b) implies (c). So it remains to prove (c)a(a). To do this we assume c = 2’ 
and construct for an arbitrary separable metric space A4 consisting of more than 
one point a hereditarily normal dense subspace Y of MC which contains a discrete 
subset F, IFI = T. 
We take an arbitrary metrizable compact zero-dimensional uncountable space X 
for the set of coordinates of the product MX. Then IX]=c [3, Exercise 3.12.111. 
Denote by C(X, M) the set of all continuous functions from X into M. C(X, M) 
can be represented in a natural way as a dense subspace of MX. We shall embed 
a set F of cardinality T into M x in such a way that F will be a discrete subspace 
of MX and the space Y = F u C(X, M) will be hereditarily normal. 
Lemma 5. Let X be a first countable compact space. Then for any closed set K c X” 
there is a countable family of closed sets K, c X” such that 
(1) K =U:=, K,. 
(2) For i=l,..., n, m=1,2 ,... the set rr,K, either consists of one point or has 
cardinality c. 
Here by 7~~ we denote the projection from X” onto the ith copy of X. 
Proof. By induction on n. If n = 1, then every closed set K c X either is countable 
or has cardinality c [3, Exercise 3.12.111, i.e., it satisfies the conclusion of the lemma. 
Now we suppose that the conclusion is true for closed sets in X”-’ and prove it 
for X”. 
Let K be a closed set in X”. If for i = 1,. . . , n, GT,K has cardinality c, then K 
itself can be taken for the only element of the required family. If for some t, TT,K 
is a countable set {x, x2, . . .} c X, then K is a union of a countable family of closed 
sets K, = K n (XI-’ x {x,} x Xn-‘). By the induction hypothesis for every K, there 
is a countable family of closed sets Kym in X’-’ X(X,} xXn-’ such that K, = 
U:=, K,, andfori=l,...,t-l,t+l,...,nset~,K,,eitherconsistsofonepoint 
or has cardinality c. 
Clearly the family {K,, : q, m = 1,2,. . .} is a required one. This completes the 
proof of the lemma. 0 
Lemma 6. Let X be a metrizable compact space of cardinality c. Then there exist two 
subsets P, and P, OJ’X with the following properties: 
(1) Pan P, =8. 
(2) 7he set X” = X\( POu P,) has cardinality c. 
(3) If K is a closed set in X” such thatfor i = 1, . . , n, [Z-K = c andfor every point 
x=(x,, . . .) x,) E K, x, # x, whenever i # j, then for every sequence of 0 and 1, 
(SIP..., s,) E (0, 1}1 we have P,, X. * . x p,,, n K # 8. 
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Proof. Let us enumerate all the closed sets K of finite powers X” which satisfy 
condition (3). The number of all these sets is not greater than c, so we have a family 
{K, : a < c} where K, c X”-. 
We shall choose PO and P, by induction on (Y. Let KOc X”o be the first of the 
enumerated sets. It satisfies (3), so for every sequence s = (s,, . . . , s,,,) E {0, l}“o we 
can pick a point xi E K. and we can require {xi,, . . . , x&J n {xg; , . . . , x&} = (4 for 
sfs’. 
Define 
P,(0)={x~i:sE{O,l}nO; i=l,..., n,; s,=l}. 
Clearly P,(O) n P,(O) = 0 and for every s E (0, l}“~, PSI(O) x * . . x P,JO) n K, f 0. We 
also pick a point xt E X\(P,(O) u P,(O)). 
Suppose that finite sets P,(p), P,(p) and points x;i have already been chosen for 
/3 <(Y, P,(p) n P,@‘) = 0 if (j, p) # (j’, p’), j, j’= 0, 1, for every s E (0, l}np, P,,(p) x 
* . . x Psfr$3) n Kp # 0, all points xz are different and {x$: p < a} n IJ {P,(p): /iI< a; 
j = 0, l} = 0. 
Let Q~=U{Pi(~):/?<~;j=O,l}u{x~: P<(Y). Then IQUl<c and K, satisfies 
(3), so for every sequence s = (s, , . . . , s,,) E (0, l}“- we can pick a point XL E K, 
and we can require {x:,, , . . . , x:,,} n Qa = 0, {x,L,, . . . , xi,,} n (x.2,). . . , x:‘,,} = 0 
for s # s’. 
Define 
PO(~)={x;t,:sE{O,l}n~;i=l ,..., n,;s;=O}, 
P,(a)={xii: sE{O, l}“m; i=l,..., n,; si=l}. 
We also pick a point x2 E X\(P,(a) u P,(a) u Qa). 
At the end of this process we obtain disjoint sets P(a), LY cc, j = 0, 1 and 
{x~:cr<c}suchthatforeveryc-u~cands~{O,1}”~,P,,(a)x~~~~P.,,~ (a)nK,Z0. 
Then the sets P,=U{P,((Y): a<c}, P,=u{P,(a): (Y-CC} u and X*= 
X\(P,u P,) =) (x2: a cc} satisfy (l)-(3) and this completes the proof of the 
lemma. q 
Proof of Theorem 2 (continued). Let us describe the embedding of a set F of 
cardinality T into the product MX. As we have assumed, M consists of more than 
one point, so we pick two different points z0 and z, in M. We also assume 2’ = c 
so there is a mapping 4 from X” onto the family exp F of all subsets of F. For 
x~X,f~F,letf(x)=z,ifx~P~;f(x)=z,ifx~P~;f(x)=z~ifx~X*andf~~(x); 
f(x) = zr if x E X” and f~ 4(x). The embedding of a set F into MX is completely 
described. 
Now we shall prove that the space Y = Fu C(X, M) is hereditarily normal, i.e., 
according to Lemma 4, for every pair of separated sets A and I3 in Y there is a 
countable set SC X such that the sets rsA and TUB are separated. 
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Let A, B c Y, A and B are separated. Denote A, = A n F, A2 = An C(X, M), 
B, = B n F, B, = B n C(X, M). Clearly if we find sets S,, , S,2, Sz, , S,, in X such 
that ms,,Ai and rrs,, B, are separated, then the sets TEA and rs B will also be separated, 
where S=S,,US,~US~,US~~. So it is sufficient to find sets S,, i, j=l,2. 
We first consider subsets A, and B, in F. There is a point x* E X* such that 
4(x*) = A,. Sets A, and B, are disjoint because they are separated and, according 
to the description of the embedding F into MX we gave above, f(x*) = zi iffE A, 
and f(x*) = z,, iffE B, , so we can take a one-pointed set {x*} as S,, . The only fact 
we need here is that A, and B, are disjoint subsets of F, therefore we have also 
proved that F is a discrete subspace of MX. 
To find a set Sz2 let us note that the space C(X, M) c MX has a countable 
network, therefore it is hereditarily normal and, according to Lemma 4, for a pair 
of separated sets A2 and B2 in C(X, M) a required countable set S12 in X exists. 
Now we pass on to the sets A, and B,. If we find a required countable set S,2, 
then S,, can be found by analogy. 
Clearly if there are countable sets S, and Sz in X such that rTTSIAI n TV, B, = rszA, n 
TOMB, = 0, then set S, u S2 can be taken for a required Si2. 
We first show that the countable set S, exists. The subspace C(X, M) of MX has 
a countable network, B2c C(X, M), therefore Bz satisfies the Lindelijf property. 
Since A, and B2 are separated, A, n B2 = 0, i.e., there is an open cover 93 of B, 
consisting of sets of the type W(x,, . . . , X, ; O,, . . . , 0,), where xi E X, Oi E Ju, 
Jll is a countable base for the topology of M (see the proof of Theorem 1 for the 
notation) and lJ %‘n A, = 0. We can choose a countable subcover 93’~ 93 of Bz 
because Bz satisfies the Lindelijf property. Clearly the set of all points x, E X, where 
W(x,,. . . ,x,; o,,. . .) 0,) E 93’ can be taken for S, . 
It remains to prove that a countable set S, also exists. Since A, and Bz are 
separated, A, n & = 0, i.e., there is an open cover % of A, consisting of sets of the 
type W(x,,. ..,x,; O,,. . . , 0,), xicX, O,EA and UQnB,=@ If At is 
closed under finite intersections we may assume that xi # xi for i # j, 
W(x,, . . . ) x, ; 0,). . . ) 0,) E a. 
Below we shall write W(x; 0) instead of W(x,, . . . , x,; O,, . . . , 0,), where 
x = (X,) . . . ) x,) is a point in X”, 0 = 0, X. * * x 0, is an open set in M “. We represent 
Q as the union of a countable number of families % = U, %,., where for all sets 
W(x; 0) E 5!lr the integer n = n, and the open set 0 = O,,, are the same. Define 
E, = {x E X”,: W(x; O,,,) E Q,}. 
There is a countable number of compact sets K,, in X”? such that E, c lJ, K,, c EY c 
X”, and xi f xj for every x = (x, , . . . , x,J E K,,, i Zj. Let %, = { W(x; O(,,): x E K,,}, 
%* = IJ,, Qrr. Clearly % c %*. 
For every x E K,, and h E Bz, h G W(x; O,,,). To see this we remember that h 
belongs to the set C(X, M) of all continuous functions from X into M, therefore 
if h(x,) E O;, i = 1,. . . , n,, 0, X. . . x 0,, = O(,, and x = (xi,. . . , x,,) E gr,, then there 
is some point y = (y,, . . . . , y,,,) E E, such that h(y;) E 0,. Thus, h E W(y; O,,,) E 
%, c Q and this contradicts the assumption lo % n Bz = 0. So IJ Q* n B, = 0. 
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Now we shall prove that the open cover %* of A, has a countable subcover. 
According to Lemma 5, K,, = Uz=, Krlm, where riK,I, either consists of one point 
or has cardinality c. Let 02l,,, = { W(x; O,,,): x E K,,,}; then u11” = lJr,,,, %?,,,,. 
Let us fix for a while indexes r, Z, m. There is a set Lc (1,. . . , n,} such that points 
xi = Zi are the same if W(x; O,,,) E Qrl,,,, i E L and )niK,,,) = c if i E { 1, . . . , n,}\ L. 
Since A, c F, for f~ A,, xi E X either f(Xi) = zO or f(Xi) = z,, SO we may assume 
that every Oi contains z0 or z,, otherwise W(x; Oc,,) n A, = 0. Define No = 
{iE{l,. . . , n,}\L: Oi3Z,}, N,={l,.. .) n,}\(N,u L). 
A compact set &,,, = {(xi,, . . . , xi,): i, < . * . < i, ; 4 E { 1, . . . , n,}\ L} lies in a natural 
way in X’, t = n, - ILJ and applying Lemma 6 we obtain: there is a point 2 = 
(&,..., _?,,) E I&,,, such that Ti E P,, if i E No and $ E P, if i E N,. According to the 
description of the embedding F into MX, hence, f($) = z0 E Oi if i E No and f(gi) = 
z,EO~ if iEN,,fEA,cE 
As we have mentioned above, for every x E Krlm, i E L, xi E gi, therefore f(x”,) E Oi 
if iEL,fElJ%,,,. Finally if f E A, n IJ qU*,,,,, then f(Z;)E Oi for iE Lu N,u N,= 
(1,. *. 9 n,} which means the set A, n iJ Qrl,,, is covered by one element W(x”; O,,,) E 
% rim . Therefore the cover %* = IJr,,,,, &,,, of A, has a countable subcover 011’ and 
the set of all points xi E X where W(x,, . . . , x, ; 0,). . . , 0,) E 011’ can be taken for 
S 2. 
Thus we have proved that the space Y = F u C(X, M) is hereditarily normal and 
F is its discrete subspace. The proof is complete. 0 
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